Abstract We present the photospheric energy density of magnetic fields in two solar active regions (one of them recurrent) inferred from observational vector magnetograms, and compare it with other available differently defined energy parameters of magnetic fields in the photosphere. We analyze the magnetic fields in Active Regions NOAA 6580-6619-6659 and 11158. The quantity 1 4π B n · B p is an important energy parameter that reflects the contribution of magnetic shear to the difference between the potential (B p ) and the non-potential magnetic field (B n ), and also the contribution to the free magnetic energy near the magnetic neutral lines in the active regions. It is found that the photospheric mean magnetic energy density shows clear changes before the powerful solar flares in Active Region NOAA 11158, which is consistently with the change of magnetic fields in the flaring lower atmosphere.
Introduction
The relationship of non-potential magnetic fields in active regions to solar flares and coronal mass ejections (CMEs) is an interesting topic of study. It is believed that the non-potential magnetic fields are generated inside the Sun and then transported from the sub-atmosphere into interplanetary space. The photospheric non-potential magnetic field formed in active regions is also important for triggering the powerful solar flares and CMEs (cf. Schmieder et al., 1994) because it is difficult to accurately estimate the topology of the magnetic lines of force in the high solar atmosphere without any information about the photospheric
Definition of Free Magnetic Energy Density
The energy released by solar flares and other explosive events relies on the accumulation of the free magnetic energy (non-potential magnetic energy), which is defined as the difference between the total magnetic energy (E o ) and the potential magnetic energy (E p ):
This means that the free energy is defined with respect to the energy of the potential field that matches the distribution of the observed field's normal component. This potential field has the lowest possible magnetic energy that is still consistent with the boundary condition (for example see Priest, 2014) . The total magnetic energy of a field B is given in the form
which means that the magnetic energy is a three-dimensional integral quantity, such as in the solar atmosphere. Hagyard, Low and Tandberg-Hanssen (1981) defined the source field to describe the non-potentiality of magnetic field on the photosphere:
where B o is the observed vector magnetic field, B p denotes the potential field extrapolated from the vertical component of B o , and B n is the so-called source field, that is, the non-potential component of the magnetic field. By means of Equation (3), it is found
where ψ is the inclined angle between B o and B p in Figure 1 . Now we can introduce the magnetic energy density ρ, as in E = B 2 8π dV = ρdV , where the field energy density ρ ≡ B 2 /8π. Analogously, for E o and E p , the observed and potential-field energy density are ρ o ≡ B 2 o /8π and ρ p ≡ B 2 p /8π, respectively. We also note that the free energy density integrated over a volume V yields an energy, and the free energy density integrated over the photosphere yields a quantity with dimensions of energy per unit length. This quantity is not, strictly speaking, a free energy, but it is plausibly related to the free energy present in the volume above the photosphere. The observation of photospheric vector magnetograms provides an opportunity to analyze the distribution of magnetic energy density in the low solar atmosphere. We exclusively consider two-dimensional arrays of magnetic energy from photospheric magnetic fields in the following.
The energy density parameter of the non-potential magnetic field as defined by Lü, Wang and Wang (1993) is proportional to B 2 n :
This energy parameter had been also used to analyze the solar magnetic active cycles . It follows that the definition of the real free energy density (Equation (1)) is
and it can be written
where γ and ψ are spatial angles, and cos Figure  1 . We can find the relationship cos ψ + cos
= sin ϑ p sin ϑ n + cos ϑ p cos ϑ n cos θ + cos where ϑ n is the inclination angle between the vector of the non-potential field B n and its horizontal component B nh , and ϑ p is that between the vector of the potential field B p and its horizontal component B ph , while the angle θ is defined as the horizontal angle between B oh and B ph , and cos Figure 1 .
Because we cannot directly measure the vertical component of the nonpotential magnetic field in the photospheric layer from the observational vector magnetograms, we normally require a model field to match the observed vertical field, whether in the analysis of non-potential fields or potential fields. For potential models, this choice corresponds to the Neumann boundary condition (see, for instance, Sakurai, 1982) , although observations of changes in vertical magnetic fields associated with flares demonstrate that the observed vertical field is not generally consistent with the lowest energy state of the field. This means that the vertical component of the magnetic field does not contribute to the magnetic free energy density from the photospheric vector magnetograms. For observations near disk center, we can approximate the line-of-sight field as the vertical component of the observed field (Sakurai, 1982) . We choose to neglect the vertical component of the non-potential magnetic field in the following analysis.
As the three-dimensional shear of the magnetic field has been ignored ( Leka and Barnes, 2003) , the magnetic free energy density contributed by the horizontal components of these magnetic fields is where B oh , B nh and B ph are the horizontal components of observational, nonpotential, and potential magnetic field, respectively, and horizontal angles θ and ϕ are defined in Figure 1 . Equation (9) implies that ρ f h is not necessarily positive because the second term in Equation (9) can be negative and its absolute value may be higher than the first one in some cases. From Equations (7) and (9), we also find the inclination angles between the observed vector magnetic field and the potential field do not simply reflect the status of free energy density in the low solar atmosphere, regardless of whether we consider the contribution of the vertical component of the vector magnetic field. The difference between the free energy density ρ f h and the non-potential parameter ρ nh contributed by horizontal components of magnetic fields is
This means that the contribution of the parallel component of the non-potential field relative to the potential field is non-negligible, and the difference △ρ eh between two differently defined magnetic energies will only vanish where the potential components of magnetic field are perpendicular to the non-potential field components. B oh · B ph relates to the normally defined magnetic shear and also to the potential field, where
ph . This means that B oh · B ph contains the contribution of the magnetic potential energy (B 2 ph ) of solar active regions. We can find the shear angle θ
Based on this discussion, we can find that the normally defined shear angle θ cannot be used to conclusively determine information about the free magnetic energy in the lower solar atmosphere because Equation (11) also partly relates to the term B 2 ph . This is consistent with the idea that the magnetic shear contains information about the energy density that is contributed by the horizontal component of the potential field.
We know that the transverse components of the potential magnetic field are not an observed quantity, but have to be inferred by extrapolating the longitudinal components of the observational magnetic field (cf. Hagyard and Teuber, 1978; Sakurai, 1982) . This is based on the assumption that magnetic lines of force extend from photospheric magnetic charges. This means that we cannot accurately observationally estimate the contribution of the longitudinal component of non-potential magnetic fields in solar active regions.
In the following, we analyze the different energy parameters based on the observed vector magnetic fields and the inferred potential magnetic fields in solar active regions. Based on the considerations above, we neglect the contribution of the longitudinal component of the magnetic field when we study the magnetic energy in the lower solar atmosphere.
Photospheric Magnetic Energy Parameters Contributed by Horizontal Components of Magnetic Fields in Active Regions
To analyze the contribution of the magnetic energy density in the lower solar atmosphere by the horizontal components of magnetic field, we introduce Active Region NOAA 6580-6619-6659, which was observed in April-June 1991 at Huaioru Solar Observing Station, and NOAA 11158, which was observed in February 2011 by the Heliospheric Magnetic Imager (HMI) onboard the Solar Dynamics Observatory (SDO). In this study, the transverse components of the potential magnetic field are calculated by extrapolating observational longitudinal components of magnetic fields in the active regions based on the approximations that the line-of-sight flux is equivalent to the vertical flux, and that this flux is due to magnetic charge.
Recurrent Active Region NOAA 6580-6619-6659
Active Region NOAA 6580 occurred on the solar disk in April 1991, NOAA 6619 in May 1991 and NOAA 6659 in June1991. This was a super delta active region on the solar surface in a sequence of solar rotations. A series of photospheric vector magnetograms of this active region was observed by the video vector magnetograph at Huairou Solar Observing Station of National Astronomical Observatories, Chinese Academy of Sciences (Ai and Hu, 1986) . Row (a) of Figure 2 shows observed vector magnetograms of NOAA 6580 on 14 April 1991 (N28W10), NOAA 6619 on 11 May 1991 (N29E11) and NOAA 6659 on 9 June 1991 (N32E06). Therefore this active region can be called NOAA 6580-6619-6659. A series of powerful flares erupted in this super active region in Solar Cycle 22 (cf. Sakurai et al., 1992; Bumba et al., 1993; Liu et al., 1996; Ji et al., 1998 Ji et al., , 2003 Schmieder et al., 1994; Zhang and Wang, 1994; Yan and Wang, 1995; Yan et al., 1995; Zhang, 1995 Zhang, , 1996 Zhang, , 2001 Wang, 1997; Wang et al., 2006) . Figure 2 also shows the relationship among the observed highly twisted vector magnetic fields, the calculated potential and non-potential magnetic fields, and the corresponding magnetic free energy densities in the super active region NOAA 6580-6619-6659 in 1991. We can find in row (a) of Figure 2 that highly twisted transverse magnetic fields form in the active region. Row (b) of Figure 2 shows the calculated transverse components of potential magnetic fields inferred by the observed longitudinal magnetic fields of the active region. Row (c) of Figure 2 shows the non-potential components of magnetic fields inferred by Equation (3). In row (d) of Figure 2 , the magnetic free energy densities in the active region are inferred by ρ f h in Equation (9) to be contributed by the transverse components of fields alone. We find that the free energy density is negative in some areas (highly sheared magnetic neutral lines) of the active region, i.e. ( Figure 2d . We can find that in these negative energy regions the inclined angles ϕ between the potential and nonpotential components of transverse fields in the active region are larger than 90
• , i.e. Figure 4 shows the distribution of different types of magnetic energy density parameters in Active Region NOAA 6580-6619-6659 in 1991. In the calculation of the photospheric energy density, only transverse components of the magnetic fields were used because the longitudinal components do not change in this analysis. Row (a) of Figure 4 shows the magnetic energy densities inferred from the observational transverse magnetic fields. Row (b) of Figure 4 shows the magnetic energy density inferred from the potential transverse magnetic fields, which is calculated using only the longitudinal components of magnetic fields. Row (c) of Figure 4 shows the energy density parameters ρ n of non-potential magnetic fields.
There are obvious differences among the magnetic energy density parameters inferred from the observational transverse components of fields B oh , from the potential transverse components of field B ph , and from the non-potential transverse components of field B nh . We note that row (d) of Figure 4 shows the difference 1 4π B nh · B ph between the magnetic energy density ρ f h (Equation (9)) and the energy density parameter ρ n of the non-potential transverse 
Active Region NOAA 11158
It is notable that vector magnetic field data have been made available with the Helioseismic and Magnetic Imager (HMI) instrument (Schou et al., 2012) onboard the Solar Dynamics Observatory (SDO). Active Region NOAA 11158 is a notable active region observed by HMI. A series of articles has focused on the development of magnetic fields and solar flares and CMEs in Active Region Fisher et al. (1998) found that the X-ray luminosity shows the best correlation with the total unsigned magnetic flux. Similarly, Fludra and Ireland (2008) reported EUV emission to be linearly related to the amount of magnetic flux, regardless of potentiality. Figure 5 shows the distribution of magnetic field, 171Å images, free magnetic energy density ρ f h (Equation (9)) and the difference 1 4π B nh · B ph between magnetic energy density ρ f h and energy density parameter ρ n (Equation (5)) of the non-potential magnetic field. Similar to Active Region NOAA 6580-6619-6659, we also find some small-scale negative sign areas of free magnetic energy density in Active Region NOAA 11158. Figure 6 shows the evolution of the mean values of different energy parameters of Active Region NOAA 11158 with the GOES flux inferred from a series of vector magnetograms in the period of February 12-16, 2015. It is found that the mean magnetic free energy density ρ f h (Equation (9)), the mean energy density parameter ρ nh (Equation (5) almost the same evolution tendency. The photospheric mean magnetic energy densities of the active region tend to decrease before the X-ray M6.6 flare on February 13 and the X2.2 flare on February 15. Furthermore, the difference 1 4π B nh · B ph (between the mean magnetic free energy density ρ f h and the mean energy density parameter ρ nh of the non-potential magnetic field) shows the opposite trend relative to others. This suggests the possibility that some amount of free magnetic energy is stored in the lower solar atmosphere before powerful flares. This is also consistent with the release of free magnetic energy driving powerful flares. Moreover, the limitations on the time resolution of the magnetic field observations should also be noted, for example, HMI vector magnetograms incorporate data integrated over 1215 seconds etc. (Liu et al., 2012b) implies that some changes do not provide sufficient evidence to show if the evolution of the magnetic field actually precedes the flares. Figure 7 shows the evolution of the vector magnetic field, 171Å images, magnetic free energy density ρ f h and the difference quantity 1 4π B nh · B ph in the middle of Active Region NOAA 11158 to analyze the evolution of these quantities before the X2.2 flare on February 15. The large-scale negative energy density parameter 1 4π B nh · B ph tends to extend along the direction of EUV 171Å loops and the highly sheared major magnetic neutral line between large-scale opposite polarities in the active region. As compared with the evolution of the magnetic energy density, it is found that the maximum value of the free magnetic energy density C weakens, and the channel where Figure 8 shows the change in the vector magnetic fields, 171Å images, magnetic free energy density ρ f h , and the difference quantity 1 4π B nh · B ph in the local area of Active Region NOAA 11158 from 90 minutes before the X2.2 flare (start at 01:44, peak at 01:45, end at 01:56 UT) to after on February 15, 2011. The eruption of EUV 171Å loops occurred near the highly sheared magnetic neutral line and also above the extreme negative 1 4π B nh · B ph area. For a detailed analysis, Figure 9 shows the relationship between the vector magnetic field and different energy parameters in Active Region NOAA 11158 at 00:12 UT on February 15, 2011. Figures 9b and 9c show the magnetic free energy density ρ f h (Equation (9)) and the energy density parameter ρ nh (Equation (5)) of non-potential magnetic field in Active Region NOAA 11158 in February 2011, respectively. Figure 9d shows 1 4π B nh · B ph overlaid with 171Å images. The large-scale extreme negative value of 1 4π B nh · B ph tends to form along the direction of EUV 171Å loops and the highly sheared magnetic major neutral line between large-scale opposite polarities in the active region. This is important for understanding the distribution of magnetic energy above the solar surface. Figure 10 shows the relationship between the energy density parameter 1 4π B nh · B ph and the different components of the vector magnetic field in the local area of Figure 9 in Active Region NOAA 11158. It also shows that negative-sign areas of 1 4π B nh · B ph formed near the magnetic neutral lines with highly sheared transverse magnetic fields, where the most significant difference between the non-potential and potential fields can be found.
In addition to the analysis of other magnetic parameters, such as magnetic flux near neutral lines (e.g. Schrijver, 2007) and integrated unsigned vertical current density (e.g. Sun et al., 2012) , Figure 11 shows the distribution of the vertical current (J z ) and current helicity density ((∇ × B) z · B z ) in the middle of Active Region NOAA 11158 inferred from observed vector magnetograms with the comparison of the magnetic free energy density ρ f h and the difference quantity 1 4π B nh · B ph . These magnetic energy parameters are presented in Figure 7 with the relevant discussions. We can find that the magnetic energy parameters show obvious different density distributions relative to the current and current helicity densities because energy parameters reflect the storage of magnetic energy in the solar atmosphere, while the current and current helicity density provide information on the twist and handedness of magnetic fields in active regions. These show different aspects of magnetic lines of force in solar active regions, even though they are also important quantities in the analysis of solar eruptive activities. Moreover, the development of the vector magnetic field and its relationship with helicities and spectrums in the active region are discussed by Zhang et al. (2014 Zhang et al. ( , 2016 .
Conclusion and Discussions
We have presented the magnetic energy density parameters inferred from photospheric vector magnetograms of the recurrent Active Region NOAA 6580-6619-6659 and 11158. This provided the opportunity of analyzing the storage and The magnetic free energy density ρ f h (Equation (9)) and (c) the energy density of the non-potential magnetic field ρn (Equation (5) B nh · B ph (between the magnetic free energy density ρ f h and the energy density parameter ρ nh (Equation (10)) of the non-potential magnetic field) overlaid with the AIA 171 A image. The contours indicate the magnetic energy density of ±1, 5, 10, 20, 50, 100, 200, and 400×10 3 (Mx 2 cm −4 ), where red (green) contours refer to the positive (negative) sign.
evolution of magnetic energy in active regions. After this analysis, the main results are as follows. 1) Observations of photospheric vector magnetic fields provide important information on the distribution of the free magnetic energy density in the lower solar atmosphere. The free magnetic energy density is comprised of the two terms 1 8π B 2 nh and 1 4π B nh · B ph . The first term refers to non-potential magnetic fields and the second to the relationship between the non-potential and potential fields. This means that the change in the photospheric free magnetic energy density not only depends on the non-potential component of magnetic field but also on the relationship with the potential field.
2) The term 1 4π B nh · B ph is an important quantity for understanding the degree of magnetic shear in the active regions. The negative sign of 1 4π B nh · B ph tends to occur in areas of highly sheared magnetic fields in the active regions. Moreover, in the strongly sheared areas ( form in delta active regions. If the inclination angles between potential and nonpotential magnetic lines of force decrease with height in the solar atmosphere of the active regions, the term 1 4π B nh · B ph will change sign from negative to positive with the increase of height near the magnetic neutral lines in the active regions. This is consistent with the idea that some free magnetic energy is stored in the high solar atmosphere of active regions where powerful flares might be triggered. The trigger of powerful flares and CMEs in active regions, such as NOAA 6659 and 11158, was analyzed by some authors (cf. Schmieder et al., 1994; Yan and Wang, 1995; Wang, 1997; Choudhary, 2000; Liu et al., 2012a; Schrijver et al., 2011; Sun et al., 2012; Chintzoglou and Zhang, 2013; Jiang and Feng, 2013; Shen et al., 2013; Sorriso-Valvo et al., 2015) . A very simplifed picture on the relationship 1 4π B nh · B ph with height in active regions is shown in Figure 12 .
3) The mean photospheric magnetic energy in the active regions obviously changes before some powerful solar flares. This might reflect the release of stored free magnetic energy powering flares, even if the free energy density can be negative in the photosphere in localized areas of some active regions. From the analysis of the magnetic energy density of active regions in the lower solar atmosphere, we would like to discuss the following questions.
The analysis of magnetic shear in active regions is normally based on the inclination angle between the observed and the potential transverse magnetic field. The magnetic shear provides some information about the triggering of solar flares and CMEs, although it cannot provide all information about the free magnetic energy in flare-or CME-producing regions even in the lower solar atmosphere because the real configuration of the magnetic fields in active regions is more complex.
The transverse and longitudinal components of the magnetic fields are inferred from the Stokes parameters Q, U, and V, respectively, with different calibration coefficients. The accuracy of the measurements of different components of the 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 111111111  111111111  111111111  111111111  111111111  111111111  111111111  111111111  111111111  111111111  111111111  111111111  111111111  111111111  111111111 vector magnetic fields is still a basic problem for determining the photospheric free magnetic energy density in solar active regions.
It should be noted that the transverse potential field is a fictitious quantity inferred from the observational longitudinal field, so that its strength is a reference value in calculating the magnetic energy density of active regions in the photosphere. The transverse components of potential magnetic fields can be calculated by the extrapolating the longitudinal components of the observed magnetic fields. The estimation of the non-potential components of the fields also obviously depends on the measured longitudinal fields and on the choice of extrapolation methods for the horizontal components of the potential fields.
